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Abstract

We present the theory and the analytical and numerical solution for the calculation of
the oscillator and rotatory strengths of molecular systems using a state-specific formal-
ism. For a start, this is done in the context of the exact semiclassical light-matter inter-
action in association with electronic wave functions expanded in a Gaussian basis. The
reader is guided through the standard approximations of the field, e.g,, the use of com-
mutators, truncation of Taylor expansions, and the implications of these are discussed in
parallel. Expressions for the isotropically averaged values are derived, recovering the iso-
tropic oscillator strength in terms of the transition electric-dipole moment, and the iso-
tropic rotatory strength in terms of the transition electric-dipole and magnetic-dipole
moments. This chapter gives a detailed description of the computation of the integrals
over the plane wave in association with Gaussian one-particle basis sets. Finally, a brief
description is given of how the computed oscillator and rotatory strengths are related to
the quantities commonly used and discussed in experimental studies.

1. Introduction

Quantum chemistry has, by improving theoretical methods, striven to
achieve quantitative accuracy in simulating chemical and physical phenom-
ena of molecular systems. One of these challenges has been that of rep-
roducing experimental spectroscopic data, both in the optical (UV/Vis)
and X-ray energy range. For the last 30—40 years the advancement of
ab initio simulations has been significant and today the energies of electronic
transitions can be predicted with an impressive accuracy. However, there are
still issues with respect to the quantitative, and also the qualitative, accuracy
of predicted oscillator and rotatory strengths (i.e., the intensities) of these
transitions [1]. Over the years, research has been assessing the role of using
the dipole-moment approximation in the length or momentum gauge (see,
for example, Refs. [2—10]), the impact of different basis sets, and the role of
origin independence [11]. The latter has in particular been analyzed in terms
of methods based on multipole expansions grouped in ways such that the
result should be origin independent—which can be achieved if all terms
are expressed in the same gauge [12]. Recent independent developments
have demonstrated that the integrals associated with the exact semiclassical
operator are trivial to express and incorporate in standard quantum chem-
istry program packages [13, 14]. This offers new insight and potential to
investigate the impact and eftects of the dipole approximation, and others,
which have been used in the last century.
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In the past few years, our group, and others, has been involved in some of
these developments [11-17]. In this endeavor, it has from time to time felt
that the literature has been inadequate, incomplete, or not adapted to mod-
ern formalism as it is used in the ab initio electronic structure community.
Hence, in this chapter, a somewhat detailed description of the theory and
computer implementation details of simulating oscillator and rotatory
strengths, as it stands today, will be presented. This will be done in the frame
of a state-specific theory. That is, not using the so-called response theory
[18] to evaluate the transition properties but rather a state-interaction for-
malism [19, 20]. As a complement to this chapter, the reading of the review
by Pecul and Ruud on the matter on computing optical rotation and elec-
tronic circular dichroism is recommended [1]. In that report, the depen-
dence of the computed rotatory strength, evaluated in the conventional
electric-dipole—magnetic-dipole approximation, is discussed with respect
to the selection of basis sets, the inclusion of electron correlation, issues
of the equilibrium molecular structure, role of vibrations, and finally solvent
effects. In this presentation of the field, as originally described by R osenfeld
[21], the workhorse equations and their origin will be presented, as used in a
state-specific formalism. Initially the relationship between the oscillator
strength and the shape of the time-independent part of the perturbation
added to the Hamiltonian will be discussed. The starting expression for
the time-dependent perturbation will be the semiclassical operator for the
matter—light interaction—the interaction between the electromagnetic field
of a photon and the electrons in a molecule. At this point, the concept of
general polarization—as expressed in, for example, the special cases of linear
or circular polarized light—will be introduced in the concept of Jones vec-
tors describing the polarization [22]. The operator, describing the light—
matter interaction, is added to the one-component Schrodinger equation
creating an ad hoc two-component Pauli formalism. The reader will then
be guided through the various standard approximations that are commonly
used. These are, for example, truncated multipole expansions of the expo-
nential expression for the light—matter interaction, and the use of commu-
tators to change gauge to a convenient form. This chapter will discuss in
some detail the impact of these standard procedures along with common
misconceptions and choice of proper gauges. Furthermore, the use of length
vs velocity (or momentum) gauge and the selection rules will be analyzed.
Expressions for isotropically averaged oscillator and rotatory strengths, and
the integrals required for the exact expression of the light—matter interaction
will be derived. In relationship to the latter it will be discussed how these
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calculations can be done in an efficient way in association with X-ray spec-
troscopy simulations. Before the concluding summary a brief section will
outline the connection between the computed properties and experiments.

2. Transition moments

Transition intensities, oscillator and rotatory strengths are computed
from transition moments, the values of which are closely related to the polar-
ization of the incident light. In this section, the expressions for the transition
moment, in the special cases of linear and elliptically polarized light, will be
presented. These equations will facilitate the derivation of the expressions
for the oscillator strength, and, in the latter case, an expression for the rota-
tory strength will also be presented. The case of general polarization will be
treated in the next section.

2.1 Transition moment of linearly polarized light

We present here a derivation of transition moment and oscillator strength for
linearly polarized light, which is just a shortened version of the
corresponding section in Ref. [12], noting that the authors in that reference
used Gaussian units, while we use SI (or commensurate) units.

If we represent the electromagnetic field as a monochromatic, linearly
polarized plane wave with scalar and vector field (the Coulomb gauge):

¢(r,t)=0

A(r,t)=—Aocos(k-r—2mvt)E M
the electric and magnetic fields are given by:
E(r,t) = Apsin (k- r —27v1t)270E
B(r,t) = Apsin (k- r—27vt)(k X E)
Here k is the wave vector, with norm |k| =22 and pointing in the direction

of propagation, while £ is a unit vector orthogonal to k, representing the
polarization direction.

This electromagnetic field can be introduced in the molecular Hamiltonian.
For weak fields, terms quadratic in A, can be neglected, and the effect of the

external field can be separated from the unperturbed Hamiltonian H, as:
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A=+ 0(r)

N L get .
)= —M—CZA(,@, ) pi— ZMCZB(n, f) -3,

where the index i refers to the electrons. Substituting the expressions for A

and B, and the sine and cosine as exponentials, we get

A

U(r) = Uexp (—i2zvt) + U exp (i27v1)

er
2me

U=

> [exp (ik-r)(E-p,) + i% exp (ik - 1) (k x &) -3,.]

with p and § being the electronic momentum and spin operators. Under
the assumption that the system is initially in state O and that the pertur-
bation is turned on instantly at t = 0 (sudden approximation), we can
apply what Fermi called “golden rule #2” to obtain the transition rate
to state n:

2r -
Fo,(0) =2 {0101 ()
)
AZ
= 4—h02 | T011|25(y - VOn),

where the density of states p is replaced with a Dirac delta function. The
transition moments Ty, are thus defined as:

=—Z< e

with dimensions of charge times velocity. Note that Ty, is, in general, a

exp (ik-1,) (€ p,) +ig§ exp (ik-1,)[(k x £) 3]

complex-valued scalar, that depends on the k and & vectors. Here the
first term expresses the orbital angular interaction with the electromag-
netic field of the photon, whereas the second term is the explicit inter-
action of the individual intrinsic spin of the electrons with the same
electromagnetic field. By applying the identity (kx E)-§s;=& - (s; X k),
Ty, can also be written as:

> 4)

Ty, = 8 Z<

exp (ik - r;) [p +1‘%(s X k)]
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The transition rate is obviously dependent on the strength of the field,
Ap. A more intrinsic property of the particular transition is its cross section,
which 1s obtained by dividing I'y,, by the flux (photons per time, per area).
The intensity of the wave (energy per time, per area) can be calculated as the
time average of the Poynting vector:

1

S=—(ExB)
Ho

1/v

I(v)= v/ |S| dt =277 ceg i A3,
0

where the integration is done over one period. Therefore, the frequency-

integrated cross section is given by:

v /r()n(l/)hl/d . |’T0n|2

0}, — V=
On I(IJ) 268() hIJ()n

and this result can be compared with the cross section of a classical electron
oscillator:

62

o= 5
clas 4meceg ©)

defining the dimensionless oscillator strength (f) as the quotient:

61/, 2m 2
ﬁ)i? = % = - | ’T()n| (6)
0 On

clas

and this is still an expression dependent on the specific k and £ vectors of the
electromagnetic field, but not on A,.

2.2 Transition moment of elliptically polarized light

More generally, the electromagnetic field of a photon, moving in the direc-
tion described by the wave vector, k, is carried by two perpendicular polar-
ization directions, as described by the unit vectors £; and &,. For these
vectors holds the relation €, = (kx&;)/|k|. In general, the amplitude and
phase of the electromagnetic field in these two polarization directions differ.
A general normalized polarization vector in terms of a Jones vector is
expressed as

E=cos(w)&; + sin(y)exp (in) &, 7)
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where y accounts for the relative amplitude of the electromagnetic
field in the two polarization directions, and # describes their relative
phase.

This general polarization easily reduces to the linear polarization for
n =0, , where the two waves are in phase. Here 77 defines the starting polar-
ization direction along the direction defined by the angle y relative to &;.
We here see that if  is equal to O or z then the plane wave will be polarized
along &€; while for y equal to &7 the polarization will be along &,.

Regular circular polarized light appears for n==+7 with y ==+7%, :I:%”
since here the two plane waves are exactly out of phase with the same ampli-
tude. There are of course only two types of circularly polarized light, so the
difterent choices of # and y will always give either left or right-circularly
polarized light, but with different initial polarization directions hence the
eight combinations. More complicated pulses like elliptically polarized light,
where polarization amplitudes are different, simply come by choosing
n==x%and y #+£7, :t%”.

The total transition moment is similarly given by:

Tou(w,n) = cos (w) Tou(E1) + sin (y) exp (in) Tou(E2)-, (8)

where Tp,(&€;) and T,(&,) are obtained according to Eq. (3). We here
immediately see that if the transition moment in Eq. (3) for a simple plane
wave can be calculated then it is trivial to extend it to any elliptically polar-
ized wave described by Eq. (7).

As it was said before, the transition moment is a complex quantity, but
we note in passing that one should be careful when identifying which are the
real and imaginary components of the transition moment—an entity which
is not an observable; the square norm of the transition moment is real and it is
an observable. Additionally, the wave functions are only known to within a
complex factor. Hence, it is strictly impossible to uniquely identify the real
and complex parts of the transition moment. For all practical purposes the
transition moment can be structured into the form

Ton = exp (ia)(Ty, +1T5,), )

where T° and T°, the even and odd components are those of the Taylor
expansion of exp (ik-r;) (see Eq. (16) in which the even terms are real
and the odd terms are imaginary). Since in Eq. (3) the exponential is
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multiplied by an imaginary quantity (p; or 1), their contribution to the total
transition moment is real for the odd component and imaginary for the even
one. As we are interested in the square norm of the transition moment, we
will ignore the complex factor in the expression above, and when we men-
tion the real and imaginary parts of the transition moment we are referring,
respectively, to the odd and even terms in the Taylor expansion of the expo-
nential expression.

Circular dichroism spectra are obtained as the difference in absorption
between left and right-circularly polarized light. It is straightforward to
define the difference in transition rates, or oscillator strengths

ATy, (v) =T, (v) =T, (v) = (I 15,1 = T3 )8 (v — o)

4h2

Afow =1, fon— (I =10,

where the superscripts L and R refer to left and right circular polarization.
This difference is commonly reported as a “rotatory strength,” Ry, for
which the exact expression will be given in Section 9, but for now it is
enough to assume:

o< (| T3, 1* = | T3, %)

3. General oscillator and rotatory strengths of the Jones
vector

The aim of this section is to give a general expression based on the
Jones vector [22] and then to connect this to the expression from the
plane-wave transition moment to show how easy it is to implement a general
transition moment once the transition moment from a plane wave can be
calculated.

The quantities relevant for oscillator and rotatory strengths from the
transition moment in Eq. (8) based on the Jones vector in Eq. (7) will here
be formulated in terms of transition moments of a pair of orthogonal plane
waves. In this way we will demonstrate how simple it is to implement the
effect of a general wave.
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3.1 General oscillator strength of the Jones vector

If we use the transition moment of the Jones vector from Eq. (8): in the tran-
sition rate, from Eq. (2),

On | On| 6(1/ VO“)

75,17 = [COS(W)T01I(£1)+Sin(W)eXp(iﬂ)TOn(82)]
x [cos (w) Tou(E1) + sin (y) exp (in7) Tou(E2)]"
= cos> ()| Tou(E1) | + sin® ()| Tou(E2)
+ cos () sin (w)[ Ton(E1) exp (—in) Tou(€2)" + exp (i) Tou(E2) Tou(E1)"]
= cos(y)| Tou(E1) | + sin® ()| Tou(E2)

+2cos () sin (y)[cos () Re(To,(E1) Ton(E2)¥)
+Sln( )Im(Ton(gl)Ton(gz) )] (10)

four distinct terms appear. The first two terms in Eq. (10) are the regular
oscillator strength for a plane wave in the two polarization directions &,
and &, multiplied by the square of their amplitude, respectively. These
two regular terms are independent of the phase difference 7 between them.
The last two terms in Eq. (10) are formed by the cross terms between the two
polarization directions and are dependent on both amplitude ratio and the
phase difference between the two plane waves. The first of these terms in Eq.
(10) depends on the real part, and the second on the imaginary part of the
product between the transition moments. From these last products it is
therefore obvious that all terms in Eq. (10) are real and that the sum is pos-
itive. Since the phase 7 only appears in the last two terms in Eq. (10), only
these two terms can give nonzero contributions to a difference spectrum like
the circular dichroism.

Since the relative amplitude and phase, determined by y and 7, respec-
tively, are input parameters that form a certain linear combination of tran-
sition moments of plane waves, as shown in Eq. (10), calculating the
oscillator strength of any pulse is simple if one can calculate the transition
moment for a plane wave. The calculation of the transition moment of a
plane wave in a Gaussian basis set is shown in Section 8.

3.2 General rotatory strength of the Jones vector

The rotatory strength is proportional to the differential transition rate and
arising from the measurement of two different pulses with the same direction
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of propagation. Taking the difference in the square of the transition
moments between two Jones vectors from Eq. (10)

| 0,,( > —| 0,,( 7)? = (cos?(y) — cos(w"))| Tou(E1)
+(sin? () — sin?(y”))| Tou(E2)|? + 2cos (y)sin () [ cos () Re( Tou(€1) Tou(£2)*)
+sin () Im(To, (€1) Tou(E2)™)] = 2cos (') sin (y') [cos (7' ) Re(Tou(E1) Ton(E2)")
+Sm(’7/)hn(TOH(gl)TOn(gZ) )]
(11)

we see that a difference spectrum can be obtained in many difterent ways.
For pulses with equal amplitudes, w = y’, we see that only the relative
phase matters

) )2 =, ()P = 2cos () sin ()  [(cos () = cos () Re( Tou(E1) Ton(E2)*)
+ (sin () — sin (1)) Im(Tou (E1) Tou(€2)")]

and that there will be an absolute maximum in the difference from the
relative phase when ' = 5 + x for a given (y, 1)

T, ()P = | T, (wr + @) = 4 cos (w)sin ()
X [COS (7’]) Re(Ton(gl)T()ﬂ(gg)*) + sin (l’]) Im(T()n(gOTon(gz)*)]
(12)

and zero when 5 = /. The difference will of course have a maximum
when the two plane waves are of equal amplitude, which is at
==z, :i:3” Setting 7 =% and using the amplitude ratio for the maxi-
mum, the regular circular dlchr01sm dependence on the transition matrix

elements appears when taking the difference between the transition rates
from Eq. (10)

/ A2 .
(F{)n - Iﬁ{)n)circ - 2}202 Im( TO”(gl ) TO"(gZ) )6(V - UOH)‘ (13)

Furthermore, we see that with elliptically polarized light the circular dichro-
ism spectrum from Eq. (13) can be reproduced but with lower rotatory
strength since y # £Z, :I:%”. Taking n = 0 we see a difference between
two plane polarized waves with perpendicular polarization directions
known as linear dichroism or diattenuation

2

1 Aj
(F{)n - F{)n)lin = 2h2 (T()ﬂ(gl) T()n(gZ) ) (V - V()ﬂ)' (14)
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The difference between the two plane polarized waves in Eq. (14) will,
however, be zero for isotropically averaged systems and is therefore best
suited for oriented systems.

‘While there are many ways a difference spectrum can be obtained from
Eq. (11), the linear and circular dichroism spectra in Eqs. (13) and (14) are
the most prominent and give the clearest signal and interpretation since the
terms in Eq. (11) are clearly separated and the difference is at a maximum.

4. The multipole expansion approximation

Here we will start to introduce the standard approximations so that
we will ultimately arrive at the prevailing standard expression of the oscil-
lator and rotatory strengths. The first approximation is to ignore the direct
coupling of the electromagnetic field of the photon with the intrinsic spin of
the electrons, something which, probably, is fine for singlet states. However,
one could possibly suspect that this would be of some significance for
systems with transition metals in which higher multiplicities—open-shell
structure—are predominant. Thus, we approximate Eq. (3) by

T3~ (Ol exp ) (€-)) (15)

We proceed further by approximating the exponential operator using a
Taylor expansion, truncated at a specific order of the wave vector,

exp(ik-ri)zl+i(k-ri)—%(k-r,»)z—i—(k-ri)3+---. (16)
Here we note an automatic separation of the components of the operator into
even/real and odd/imaginary terms. In this respect, we will have that the
leading terms of the two components of the transition moment are identified
as (i) the electric-dipole term, and (ii) the combined electric-quadrupole
and magnetic-dipole terms. Let us dwell a bit on these two terms before
we continue the analysis of the oscillator and rotatory strengths.

4.1 The electric-dipole term
The electric-dipole term of the transition moment—the leading term of the

even parts—is computed (in velocity gauge) as

p 4 ~
T (&) =—& 3 (0lp|n)

m
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Assuming local potentials and using the hypervirial theorem [23]
. ih
[r;, Ho) =—p,; (17)
me

we can recast the expression for the electric-dipole term into the length
gauge

AE n A~
T5,(€) =T, (€) =i= & (Olaln), (18)
where fi = —e¢)_.#; is the dipole-moment operator in length gauge. Since

the Hamiltonian is unique only up to a gauge transformation there is
not a single preferred Hamiltonian and the Hamiltonian in the length
and velocity gauge are in that sense completely equal. In finite basis sets,
the gauges are, however, not equal and neither are the electric-dipole terms
in Eq. (18), although one gauge cannot be said to be an approximation of
the other gauge. The choice of gauge should therefore be performed before
any approximations are introduced. This point is discussed further in
Section 5 with respect to the transformation to the length gauge. Since
we 1in this section follow the standard derivation the multipole expansion
is performed first and gauge transformation second even if it should be the
other way around.

4.2 The electric-quadrupole and magnetic-dipole terms

These terms, due to the first-order contribution of the Taylor expansion—
the leading term of the odd parts—of the exponential operator with respect
to the wave vector, is in its raw form expressed as

13, (€)= D (0l r) ()l

This term can be recast into a symmetric and an antisymmetric term by the
following substitution,

(k7)€ b) =5 (k- 5) (b, €)+ (k+5,) (1, )]

# S0 ), €)= (k- p) (s €)

The symmetric and antisymmetric parts will now be rearranged into the

(19)

electric-quadrupole and magnetic-dipole terms, respectively. Following
the same route as Bernadotte et al. [12] we express the contribution to
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the transition moment from the electric-quadrupole term (using implicit
Einstein summation for the Cartesian indices, a, f)

N 0]k 1) (- €) + (k- ) (11 D)

2me

ie A «
=5 —ka&p > (0lriapi g+ by atipln)

Ty (€)=

Using the hypervirial theorem from Eq. (17), an alternative operator in
length gauge can be expressed as

A e
Qup= ~> E iatip T lialip
i
which for exact wave functions is equal to the electric-quadrupole operator

in the velocity gauge

AEOn
h

since the multipole expansions in the different gauges are termwise identical.

T (€)= T5(6) = ka€p(0] Q pl1) (20)

In finite basis sets, the electric-quadrupole in the two gauges in Eq. (20) will
differ.

For the antisymmetric term, we note that, since £ and k are orthogonal,
we may rewrite it as

(k-r)(p;- &) = (k-p;)(ri- €) = (kX E)(ri X p))

This gives that the transition moment due to the magnetic-dipole term is
expressed as

1) =55 01k 1) ) = (k) 5 )
1e | 1)
— 5% £) (01 % ) )
= —i(k x &)(0|m'|n), (22)

where the orbital magnetic-dipole operator is defined as
e .
=5 S0

Note that this term is now similar in shape to the term describing the inter-

action of the electromagnetic field of the photon and the intrinsic angular
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momentum—the spin—of the electrons (see the second term in the RHS of
Eq. (3)). The term above, however, is associated with the orbital angular

momentum—I rather than §. Furthermore, we note that this term is in the
velocity gauge and not in the length gauge, even if'it is normally incorrectly
used in connection with the length gauge. The correct magnetic-dipole
operator in the length gauge is given in Eq. (27) in Section 5.

We therefore have that

T3 (€)= T (€) + Ty (€)

Higher order terms can be obtained in a similar fashion, but they are not
necessary for our purposes here.

5. Length gauge

In the literature, the length gauge is often the favored choice when
performing calculations. However, since the interaction in the minimal
coupling picture with some external electromagnetic field (EMF) is most
naturally written in the velocity gauge, a gauge transformation from the
velocity to the length gauge is then needed. While any measurable result
is gauge independent for the exact solution, this is not so once approxima-
tions in the basis set are performed. The choice of gauge like the Coulomb
or Lorenz gauge, needed to fix the internal degrees of freedom in the EMF,
or the choice between velocity and length gauge is therefore motivated by
the numerical performance in a given gauge. The numerical performance of
a given gauge, however, depends on the choice of basis set and correlation
methods, which can visibly be demonstrated for simple systems [25]. The
numerically best performing gauge in a given basis set for molecular systems
may be strongly dependent on the nature of the transitions and can be very
difficult to predict a priori. This means that it is not a given that the same
gauge will be the best gauge for all transitions in a system.

For higher order multipole expansions it has been incorrectly stated that
the oscillator strengths in the length gauge cannot be origin independent
in finite basis sets [12, 15, 16]. This misconception arises from the incorrect
derivation of the length gauge ubiquitous in the literature, which is in fact
a mixed gauge,” where the electric multipoles are in the length gauge,
but the magnetic multipoles remain untransformed in the velocity gauge.
Since the length and velocity gauge differ in finite basis sets, due to different

* The mixed gauge is a bit of a misnomer since it cannot be related to a proper gauge via a gauge
transformation and is therefore not a proper gauge.
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integrands, the mixed gauge, not being a proper gauge, will not be origin
independent since the origin independence of the multipole expansion
relies on exact cancelation [11, 12, 15].

For the lowest order contribution to the rotatory strengths origin inde-
pendence can be obtained in the mixed gauge by using London atomic
orbitals (LAO) [1, 25-29] since LAOs are correct to first order in the external
magnetic field, however, by using the correct length gauge the need for
LAOs can be eliminated. The mixed gauge, as shown in Eq. (33), using LAOs
is usually the favored choice when calculating CD spectra using response
theory since it gives zero in the static limit in response theory whereas the
velocity gives nonzero [30].

We here want to stress that the mixed gauge is not a proper gauge and
that there is no gauge transformation relating the Hamiltonian in the mixed
gauge to the Hamiltonians in the proper gauges like the velocity and length
gauge. Not being a proper gauge also means that gauge invariant properties,
like the origin independence, are no longer conserved once approximations
are introduced.

We will here derive the expression for the transition moment of a plane
wave in the length gauge using the hypervirial theorem [23], since all other
types of waves can be expressed as simple linear combinations of plane
waves. The time-independent and spin-free perturbation operator for a
plane wave in the velocity gauge

Up=5—=) exp(ik-r)(E-p))
m

can be transformed, using the hypervirial theorem from Eq. (17) to the
length gauge

A ieA s
0= 205" exp k7)€ 1 ). 23)

The gauge transformation using the hypervirial theorem in Eq. (17), how-
ever, only holds for local potentials and exact wave functions. In the finite
basis sets used in numerical calculations, the hypervirial theorem is only
approximate. However, we cannot conclude that the velocity gauge will
always outperform the length gauge or the other way around, since the
result from the exact Hamiltonian is invariant to any gauge transformation
and therefore no preferred Hamiltonian exists. Since the gauges difter in
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different basis sets and exact transformations between these finite basis sets
are not possible to perform, the choice of gauge should therefore be made
before any approximations or multipole expansions are invoked. While it
may sound trivial that the gauge should be chosen before any approxima-
tions are carried out, this is a very common mistake in the scientific liter-
ature which we believe has led to a lot of confusion and erroneous
conclusions about the length gauge, proper gauge transformations, and
conservation of gauge invariant properties.

Itis well known that the oscillator strengths for the exact expression in the
velocity gauge are origin independent. The origin independence of the oscil-
lator strengths can be easily shown by moving the origin from O to O + a

| Tou(O + )| = (0] exp (ike - (r—a) ) (€ - p)[n) {n] exp (—ik - (r—a)) (€ - ) 0)
= (Olexp (ik - r)(€ - p)|n) (n|exp (—ik - r)(E - p)[0) exp (ik - (a —a))
= |T0n(o)|2-
(24)

Since the hypervirial theorem does not affect the origin independence of the
oscillator strengths in the length gauge these are then also origin independent

I Tou(O+ )|} === (0] exp ik (r—a)) (€ [(r—a), Ho]) )

X (n]exp (—ik- (r—a))(€ - [(r—a), H)]0) )

=|Tu,(0)[’

since Hy commutes with a. While the hypervirial theorem only holds for
complete basis sets, the origin independence in the length gauge is still
preserved in finite basis sets since this only relies on finding the eigenstates
of Hy [11].

By performing a multipole expansion of the perturbation operator in the
length gauge from Eq. (23)

. ieA a
U, = _lz_ho exp (ik- 1) (& - [ri, Ho))
. i (26)
1eA0 . 1 2 :
RS (L+ilk-r) =5 (k)" + - )(E - [, Hol)

the different terms in the multipole expansion can be identified. For the
exact solution the multipole expansion in the length and velocity gauges
are termwise identical, when using the same origin, while in all other cases
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the gauges differ. For the zeroth order in Eq. (26), we find the familiar
electric-dipole expression in the length gauge

AE(m

1 -
Ty, = ~iz (0|€ - [r. i |) = (O1€ - rln).

where AE)), is the energy difterence between the two states. Writing the first
order in terms of a symmetric and antisymmetric part with respect to the
interchange of k and &, like in Eq. (19), the first-order electric and magnetic
terms can be identified

ie

h
ZEZ [(O1(ke - ;) ([#i, Ho] - €) + (ke - [1i, Ho]) (1 - €) )

+ (0| (k- ;) ([ri, Ho] - €) — (ke [V{,H()])(r,- -E)[m)]

AEOnk 5/3 0‘ ZV, a7’1ﬁ'| (k>< 5)Z<0’(1’,’X [1’,',1:]0]”1/1)

i

Ty) = (Ofi(k - #,) (€ - [, Eo)) )

_ 7Q m
- 7—2)11 + TOn :

The symmetric term TOQ” is the usual electric-quadrupole term while the anti-
symmetric term ;" is the magnetic-dipole term, both in the length gauge.
The commutator in T’ cannot be replaced by the momentum operator
using the hypervirial theorem from Eq. (17) for finite basis sets and therefore
must be evaluated directly.

In the literature, when trying to show that the multipole expansion in the
length gauge is not origin independent, the magnetic terms are always taken
in the velocity gauge. The magnetic dipole in the velocity gauge from Eq.
(21) will, when moving the origin, give a distance dependent electric-dipole
transition moment in the velocity gauge; however, when using T;" a dis-
tance dependent electric-dipole transition moment in the length gauge
instead appears

T;,(O+a)= Z(Ol(w —a) x [(r;—a), Ho|n)

—Z Olr; x [r;, Ho| — a x [r;, Hol + #; X [—a, Ho] + a x [a, Ho]|n)

=Tjy (O) — eapyapALo, y_{Olriy|n)

(27)
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which is orthogonal to the direction of the movement as indicated by the
Levi-Civita tensor. Using the Bernadotte et al. [12] proof of the termwise
origin independence for the oscillator strengths in the multipole expansion
in the velocity gauge, the origin independence in the length gauge follows
from exactly the same arguments since in the correct length gauge, all lower
order terms arising from shifting the origin will remain in the length gauge.
For the rotatory strength we also see that the tensor averaging will eliminate
any contribution from the electric-dipole term in Eq. (27), and therefore
become origin independent for the exact same reasons as in the velocity
gauge. The fact that the origin independence for oscillator and rotatory
strengths are gauge invariant properties is not surprising since these rely
on exact cancelation on terms from the multipole expansion and a gauge
transformation of course does not change which terms should cancel.

The origin dependence of the individual terms in the multipole expan-
sion also shows that there is no single separation between electric and mag-
netic transitions with all possible choices of origin since the electric and
magnetic contributions are transformed into each other with any shift of
the origin. Furthermore, it is not possible to measure the contribution from
any of the terms in the multipole expansion and the statements of the mea-
surement of electric-dipole or -quadrupole oscillator strengths are not phys-
ically possible. All these interpretations rely on special choices of origin or
origins. It is numerically quite easy to show that even small displacements
of the origin can introduce very large higher order terms in the multipole
expansion [15] and thereby invalidate any interpretation of the different
terms in the multipole expansion.

The major problem in using the length gauge for anything other than the
electric terms is the evaluation of [r;, H], since for the magnetic dipole ol
or for the exact semiclassical expression in Eq. (25), the usual trick of apply-
ing H on both the bra or the ket to get the energies of the eigenstates of H,
does not appear to be directly possible. The evaluation of the integrals over
these operators involving a commutator with H is therefore nonstandard.
For the kinetic energy part of H,, the integrals do not differ significantly from
those described in Section 8, since these all can be reduced to a sum of inte-
grals of the form shown in Eq. (37). The two-electron Coulomb interaction
can be reduced to a form similar to that used for a mixed Gaussian and plane-
wave basis set as shown by Carsky and Polasek [31, 32]. Due to this more
cumbersome evaluation of the integrals for the transition moments in the
length gauge, it is doubtful that the length gauge will be useful for anything
above the dipole approximation.
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6. Selection rules

First, a very brief historical introduction to the standard selection rules
for absorption/emission and CD active electronic transitions will be pres-
ented along with the connection to group theory. This is followed by a dis-
cussion of the dependence of the selection rules with respect to the choice of
origin with an emphasis on the physical interpretation of the transition.
Along the way, we will compare the multipole expansion to the full expo-
nential operator.

In the literature, the selection rules are presented in terms of transition
multipole moments (usually up to first order in the wave vector) and are
derived to be valid for atoms and small molecular system exhibiting symme-
try, when the ratio of the wavelength of the light to the molecular size is
large. The original selection rules for transitions between electronic states
date back to the work by Laporte and Meggers for such rules for centrosym-
metric species [33]. These selection rules state that for an electronic transi-
tion to be allowed the spin must be conserved (AS = 0 for spin-allowed
transitions) and the orbital angular momentum must change (AL = +1).
The latter condition is, for noncentrosymmetric species, translated so that
the transition dipole moment is nonzero for allowed transitions, where the
intensity of the transition is proportional to |u|*. For a transition to be CD
active, the first requirement is, of course, that it should be a dipole-allowed
transition. Additionally, as already understood from Rosenfeld’s work, the
transition should carry a nonzero magnetic-dipole moment [21]. This is
not all, the CD activity is proportional to Im(g -m), hence, the relative direc-
tions of the magnetic and electric-dipole moments matter. It is also worth
mentioning that for CD under anisotropic conditions the electric-quadrupole
moment contributes too. A more detailed analysis of the selection rules for
CD spectroscopy and the underlying mechanism behind the CD activity,
based on the independent systems/perturbation (ISP) model, has been pres-
ented by Schipper and Alison [34].

Thus, to summarize, the selection rules for intense transitions, only in
terms of transition multipole moments, are
1. the transition must be associated with a nonzero electric-dipole moment

(for both absorption/emission and CD active transitions), and
2. anonzero electric-quadrupole moment (only in case of anisotropic CD

activity) and/or
3. anonzero magnetic-dipole moment, and not orthogonal to the electric-

dipole moment (a must for isotropic CD activity).
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For atoms and molecules the spectroscopic selection rules depend on
whether or not the value of the transition moment integral

Ty = / VAW, dr = (0|A]n)

is zero. Here ‘PZA‘I’n is the transition moment function and A the transition
moment operator, which can be any term from the multipole expansion or
the exact semiclassical operator in our case. Using group theory, it can be
shown that the transition moment function must belong to the totally sym-
metric representation of the point group of the given atom or molecule to

give an allowed transition for the A and states in question. The selection
rules derived from symmetry considerations can in this way give informa-
tion about the magnitude, shape and symmetry of spectra. For molecules
with some elements of symmetry it is therefore easy to predict what tran-
sitions are allowed and forbidden directly from the character table of the
point group.

The selection rules will typically point to a specific dominating term in
the multipole expansion and this term is then commonly ascribed as the
physical origin of the transition, like the electric quadrupole [35]. The prob-
lem with this physical interpretation is that it is given with a specific choice
of origin for the coordinate system and any displacement of the origin will
give a different interpretation since no terms above the electric dipole of the
multipole expansion are origin independent. Therefore, there can be no
measurement of the individual terms in the multipole expansion. However,
any origin displacement will of course not change what is measured and the
symmetries and magnitude deduced from symmetry considerations of the
multipole expansion will always automatically show up in the exact operator
and for an origin independent truncation of the oscillator strength at or
above the dominating term. The drawback of using the full exponential
operator for isotropically averaged transition strengths instead is that all tran-
sitions are allowed and it is not obvious how, from simple considerations, the
intensity and symmetry can be estimated a priori.

‘While the dipole approximation and the full exponential operator show
origin independence, the reason for doing so is very different. First, in the
dipole-moment approximation, the velocity gauge is trivially invariant to a
translation of the origin, while the length gauge is invariant because of the
orthogonality of the states (see Eq. (18), and replace g with g + a). Within
the dipole-moment approximation, the selection rules for optically active
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transitions are therefore invariant to the choice of origin, but only intense
transitions can be seen, and all transitions are predicted to be CD inactive
due to the lack of higher order terms. For the full exponential operator,
on the other hand, it is noted that the origin dependence of the transition
moment (see Egs. (24) and (25)) can be expressed as

T(O+a) = exp(ik-a) T(O), (28)

where the origin is displaced by the vector a. From this, it is obvious that the
oscillator strength—proportional to the square norm of the transition
moment—is independent of the selection of the origin. To proceed, it is
noted that the exponential term in the expression above will rotate the real
and imaginary components of the transition moment into each other.
A complete interchange of the two components is accomplished when
the projection of the displacement vector a on the wave vector k is equal
to 2. To put this into a context of UV/Vis and X-ray spectroscopy, the mag-
nitude of the displacement for such an interchange is |a| =500-2000 A and
la|] =0.025-25 A, respectively. Again, the oscillator strength is invariant to
such rotations since the displacement term is just a complex phase. The rota-
tory strength is proportional to the difference between two oscillators
strength, so it is also invariant to the selection of the origin.

For a truncated multipole moment scheme above the dipole things are,
however, a bit more complicated due to the dependence of the selection of
origin. While Bernadotte et al. have demonstrated that an origin-
independent multipole-moment-based oscillator strength can be computed,
the values of the individual components of the multipoles are not invariant
to the selection of origin [12]. For a more informative view on this, examine
the terms for a given order m in Eq. (28), starting by expanding both factors
in orders of k,

o0

T(O+a)= Z% (k- a)”iT(’“)(O)

n=0 """ m=0

and then grouping the terms of a given total order m,

T(O+a)= iT("”(o +a)
- (29)

(k-a)" T (0).

s

n=0 """
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which contains contributions from all lower order terms. In this way the
multipole expansion is order by order building the complex phase of the full
exponential operator. From Eq. (29), we also notice that higher-order tran-
sition moment operators, which perhaps were zero at O due to symmetry,
may now even become intense due to large lower order terms. In fact, when
the origin is moved, then for all transitions, where a lower order transition
moment operator is allowed, we see that as |a| approaches infinity,

lim [T"(0+a)|=o0 if any T""<")(0) #0 (30)

|a|—o0
the different terms in the multipole expansion tends to infinity. Even for
simple systems, like the transition from 1s to 2p in helium, which would only
be dipole allowed, the displacement of the origin will suddenly give nonzero
higher order terms

TW(O+a)=TW(0)+i(k-a) T (0). (31)

The exact cancelation in the origin independent approach by Bernadotte etal.,
however, ensures that the sum in the oscillator strength is always finite [12].

‘While the mixing of electric and magnetic terms from the displacement
of origin is reminiscent of the change of inertial frame in electrodynamics,
there are, however, significant differences. The most important differences
are that the electric and magnetic fields in electrodynamics are physical and
always remain finite, whereas the transition moments are not, and therefore
should not be treated as such.

To conclude, the selection rules can give great insight into the both qual-
itative and quantitative aspects of spectra. Making a physical interpretation
from the selection rules based on the multipole expansion is, however, not
possible due the nonphysical nature of the different terms in the multipole
expansion as seen in Eq. (30). Even though the full exponential operator is
not plagued by summation of unphysical terms, it unfortunately does not
provide the same a priori insights.

7. Isotropically averaged oscillator and rotatory
strengths

What will follow is the derivation of the isotropic values for the
oscillator strength, £, and the factor | T"|* —| T™|? used in CD spectroscopy.
This can be done in either of two ways: (i) the wave vector and the
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polarization vector are varied over all possible combinations for a fixed
molecular frame, or (ii) the molecule is rotated around the three Euler
angles for fixed direction of the wave vector. List et al. [17] adopted the
latter view, while in this section we will employ the former. We will start
with the averaging over all possible polarization directions, €, given a fixed
wave vector k—the rotatory strength is independent of the selection of the
polarization directions and thus requires no such averaging. Note that for
the rest of this section the notation (x) =) (0|x;|n) will be used for any
transition property.

The oscillator strength can effectively be expressed as, see Eqs. (6) and (15),

2me

i(k,E) = £-1),.,
.ﬁ)( ) ezAE(m’ On|

where T, =< (exp(ik-)p;). A general polarization direction can be

expressed as

E(y)=cos(y)&; + sin(y)&Es,

where the angle y defines any polarization vector in the plane of the two,
arbitrarily chosen, orthogonal polarization vectors, £ and &,. That is,
the oscillator strength is expressed as

2

Jou(k, E(x)) = Eo S |(cos ()€1 +5sin (1) E2) - T,

The square can be expanded as:

= A+ Bcos(2y) + Csin(2y), where

(s snie) 7L
—(|81 ’ T({)n|2 + ’82 ' T6n|2)7

(|51 ()n| |82 (m| ), and

C= [(8 )(82 0”) +(81 (m) (82 On)]

N — Do

This is now followed by the averaging of the oscillator strength over all
polarization directions, to obtain the oscillator strength for unpolarized light,
but for a particular wave vector,
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2
| kgt
f()ﬂ(k)unpol = . 2
|
0

s (1€ T4, [ + 1€ T, ),

€ AEOH

where the cos(2y) and sin(2y) terms trivially vanish upon integration.

What follows now is the averaging over all possible directions of the
wave vector. For the expression of the isotropically averaged oscillator
and rotatory strength, using the exact description of the electromagnetic
field of the interacting photon, no closed formula exists. Lebedev and
coworkers [36—41], however, have devised a way of defining a grid by dis-
tributing quadrature points over a unit sphere. That is, over the polar and
azimuthal angles, € and ¢, which gives the propagation directions included
in the numerical integration for the incoming light. The numerically aver-
aged isotropic oscillator strength, expressed as a sum over quadrature points,
is compiled as

Nquad

FonR)s = D 065 o k(01 81)) e

where w are the weights of the Lebedev numerical quadrature. In such an
integration, the exact isotropic average can be systematically approximated.
List et al. [17] have shown that this converges, in terms of oscillator strengths,
very rapidly with the number of quadrature points.

Now we turn our attention to the isotropic expressions using a truncated
multipole expansion to approximate the exact expression for the electro-
magnetic field of the photon. Here will be derived the lowest order expres-
sions of the oscillator strength and the rotatory strength.

The oscillator strength is approximated, at zeroth order (T}, ~--(p)), as

1
meAEOn

2 -\ 2

Jon (k) por = (1€ B +1&-B)).

Observe that the integrals are independent of the wave vector. The expres-
sion above is now integrated over all angles. This is done in terms of the
following transformation matrix (expressing a unitary rotation), which will
transform any vector ¥ = (x, y, 2) such that all possible angles are accessed as

the azimuthal and polar angles are varied within their ranges,
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¥ cos(¢p) —sin(¢p) O cos(@) 0 sin(0) x

y | =| sin (qb) cos(¢p) O 0 10 y

2 0 1 —sin(@) 0 cos(0) z
Starting with k(¢ = 0,0 =0) = ke, £; = e, and £, = ¢, one finds the general
relation between the wave vector and the two polarization vectors expressed as

k(¢,0) = k(cos(¢)sin(0)e, + cos(¢)sin(B)e, + cos(O)e-)
E1(¢,0) = cos(¢) cos(0)e, + sin () cos (0)e, — sin(0)e.
Ex(¢,0) = —sin(P)e, + cos()e,.

That is, the oscillator strength, averaged over all polarization directions and
for a given propagation direction, is expressed as

1

meAEo, ———(|&:(#,0) - P+ |E(,6) - (13>|2)

Jon(k(#.0)) 4npot =

The averaged dipole approximation of the oscillator strength reads

27 z
Lz / dep sin () / 6o, s (k(#.0)) unpol

27> Jo 0

fbﬂ (k)iso =
and gives the standard isotropic value of the oscillator strength in the velocity
gauge as

2
3WleAE()n

2m,
362 AE(M

Joniso = ’@)‘Zz |<T/>|2' 32)

This can also be derived from the fact that the sum, fo,(k(¢,0)) 001
Sou(R($,0+2)) npor T Sou(R(@ +2,0+%)) 1, the sum of the oscillator

strength in three arbitrarily chosen orthogonal directions, is invariant under
any unitary transformation. This is trivially realized from the fact that |(p)|*
is invariant to any such transformation.

Before introducing the multipole expansion for the isotropically aver-
aged rotatory strength, it is worth to have a quick look at the contributions
specific to a particular wave vector. At this point, we adopt the convention
of assigning to L the values y =%, = —%, and therefore y =%,n =% to R.
An opposite convention would simply result in a change of sign. That is, the
rotatory strength (using Eq. (12), for w =% and n=—7), as a function of
the wave vector, which is proportional to

AG, (k) =15, (k) = | 15, (k) * = 2[ T, (k. £2) T, (k. E1) — T, (k. £1) T, (k. £2)].
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where Ty, is split into the even and odd term contributions of the complex
exponential operator (see Eq. (9)).

We proceed by introducing the first-order truncation of the multipole
expansion of the exponential operator, that is, T° ~—iT" and T° ~ TV,
This would allow one to define a rotatory strength tensor, as a general
expression to derive the rotatory strength for an arbitrary direction of the
wave vector [42]. It is noted that the first-order term, T", arranged into
the magnetic-dipole and an electric-quadrupole terms, allows the rotatory
strength tensor to be written as a sum of a symmetric and an antisymmetric
part—the electric-dipole—magnetic-dipole term and the electric-dipole—
electric-quadrupole term. The latter is traceless and will not contribute
under isotropic averaging. That is, to first order in k, one has that

AL () = 2| T (6, £2) TS (e, £0) T (1, £0) T3, (1 £2)]
=21 T (k. £5) + Tyl (k. E2)| Thy (k. £1)
=2 T (ks £1) + T01 (k £1)] 00 (k. E2)
= A5 (k)Y AL (k)"

with the multipole terms derived in Section 4. To proceed with deriving
the isotropic average the contribution due to the electric-quadrupole term,

Ag;R(k)QP, will be ignored, as mentioned above. Furthermore, note
that the rotatory strength is not an explicit function of the polarization direc-
tions, however, they have to fulfill mutual orthogonality and both be
orthogonal to the wave vector. Further, using the relationships

kx & =kE;, kx Ey= —kE;, and Eq. (22), we see that
Ton (k, E1) = —ik(&; - ()
T (k,E;) = +ik(E; - (m'))

and obtain the expression

AL ()" = =2k (£ - (') (£1 - (5)) + (& - (")) (2 - (B))].

e

That is, for example, the rotatory strength expressed explicitly for a wave
vector in the z-direction and the two polarization directions to be arbitrarily
chosen to be in the x- and y-direction, respectively, gives the expression,
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A, ™ (k)" = =2k () p,) + () (5,))

€

The isotropically averaged rotatory strength is now derived in a fashion
very similar to that of the oscillator strength. In this way, one obtains the
expression of the isotropic squared difference of the transition moments
of right and left polarized light,

_ 4o
A]6n R(k)iso = _gkm_ <p> ' <m/>

Further replacement of k by 4£ and of - ~(p) by 1AE’” (), asin Eq. (18), leads

to

LR 4AE? 4AE?

= iz () - (') = 5= Im((@) - ('), (33)

since for real wave functions (ft) is pure real and (m’) is pure imaginary.

On,iso

Note that this last form is in mixed length and velocity gauge, and therefore
subject to origin dependence. The consequences of the mixed gauge were
discussed further in Section 5

8. Evaluation of the integrals for the transition
moments

The evaluation of the integrals for the exact semiclassical light—matter
interaction has been the major obstacle in the evaluation of the operator
[12, 43]. It will be shown below that the exact semiclassical light—matter
interaction of a plane wave can be thought of as a Fourier transformation
of the overlap between basis functions in a Gaussian basis and that this
can be solved analytically. The evaluation of the integrals is therefore very
similar to those found for dynamic structure factors [43], matrix elements in
a mixed Gaussian and plane wave basis set [31, 32, 44], London atomic
orbitals or gauge invariant atomic orbitals (GIAO) [25-27, 29, 45-47],
and similarities are shared with the plane wave representations of the elec-
tromagnetic field [48].

In order to evaluate the transition rate, Eq. (2), the matrix element of Eq.
(3) needs to be evaluated. This can be generalized to the expression

AB
(01T 1n) ZU Y (34)
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In Eq. (34), UﬁB is the integral matrix for the orbital bases A and B
with indices y and v and likewise defined for the transition density matrix
yfyB [49]. As in Section 4, we ignore the intrinsic spin contribution, i.e.,
we approximate Eq. (3) with Eq. (15). For a wave function expanded in
Gaussians the individual terms in Ulﬁ/B from Eq. (34) correspond to evaluating

integrals of the form

L=yl exp (k- r)p,1r,) (35)

for A= x, y, z, where the real-valued atomic Cartesian basis functions y, and
¥, are expressed as

Xﬂ(”) :%i,j,k(r’ a;uA)
i ] k
= (x— A (y— A (= A4.) exp (—a,|r— A)
=210, A (1,0 A 12 0, A)

in their different components, where i, j, and k represent the order of the
Cartesian components x, y, and z, respectively. The integral in Eq. (35)
can be factorized into three one-dimensional integrals

L=L-I I,

where each I is of the form

Y . . p, ifr=A4,
I& _/oo)(i(r’aﬂ’AT) exp (ilkfr)qrﬂl/(r’av’B’f) dT’ 9ea = { 1 lfl';é/l
Applying, for example, the differentiation operator p, = —ih% one finds

(o]
I =i / e A exp (i) i (5., B) — 27741 (v, B)| di

5]

(36)

that the integrals I can be expressed as a sum of two terms. From Eq. (36) itis
seen that both terms, as well as those for 7 £ A, are of the form

[Se]
_]/1 :/ exXp (:I:ile,l/l))(i(/l,aﬂ,Al))(/(/l,ay,B/l) dAa. (37)
—0
Using the Gaussian product formula one notes that the expression in Eq. (37)
1s akin to a Fourier transformation of'a Gaussian from real space 4 to kj space.
Integrals of the from in Eq. (37) can be solved analytically using recursive
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formulas for the analytical Fourier representation of Gaussians or directly as a
Fourier transformation of the overlap between two basis functions as shown
by Lehtola et al. for dynamic structure factors [32, 43].

Since the Fourier transformation of a Gaussian is a new Gaussian, one can
choose not to use the analytical form, but instead rewrite the integral in Eq.
(37) to a form which can be easily evaluated by a standard Gau3—Hermite
quadrature. Alternative approaches have been suggested, for example, by List
et al. in which an extension to the McMurchie—Davidson procedure is
suggested based on the individual integration of the real and imaginary part
of the complex operator or by Tellgren and coworkers using magnetic
field-dependent Hermite Gaussian functions [13, 50, 51]. To proceed with
GaubB—Hermite quadrature, using the Gaussian product formula in Eq. (37),
for A =«x

o0
= / exp (k)i @, )7 (v, @y, Be) dx

e8]

~exp [_ “”C“” (Ao— Bx)z} 1 " (5 AL (v — BeY exp (=L (o — Po)? k) do,

o)

(38)

where { = a, + a, and P, = (a,A, + @, B,)/{ one can complete the square in
the exponent

Jx=-exp |:_ a”CaU

(Ax— Bx)z} exp(y) / (x— Ax)i(x_ Bx)jeXP (—C(x— Qx)z) dx,
(39)

where Q, = P, +ik,/(2{) and y = {(Q? — P?). Notice here that for mixed

Gaussian and plane wave basis set expressions are similar to Eq. (38) [44].

Making a change of variables t = 1/{(x — Q,) the integral in Eq. (39) can
now be transformed to

J. =0 lim

\/E(S_Qx‘) ( t ]
$= ) VUs-Q)

7Z + Qs _Ax>l<% + Q. — Bx) eXp(—tz) dt,

(40)

where

0= exp (—a"“” (A, — Bx)2> exp (1)
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Defllllllg t}le pOlyIl()Illlal
\/Z ) \/Z :

Eq. (40) can be written a little more compact

VE(s-Q))
Je= lim f(t)exp (=) dr. (42)
§7e0 J_\E(s-Q)

Since the integral in Eq. (42) is analytic the integration is independent of the
path and can therefore be split into

,\/Z‘S
o= lim /_ F(f)exp (—2) dr

S=eo JE(s-Q.)
VZs
+ lim f(t)exp (=) dt (43)
S—oo 7\/55
VE(S-Q.)
+ lim f(f)exp (=) dt.
S—oo \/ZS

Since />0 and due to the exponential decay of the integrand, as
Re(f) —=Eo0, the first and last terms of the RHS of Eq. (43) vanish, leaving

\/Z_,"S 9
Jemtim [ f()exp(—f) di= / F(f)exp (=) dr
S—oo J_JEs o0
to be evaluated. One can note that although ¢ in general is complex it will
only be integrated along the real axis. Thus, for all practical purposes, a stan-
dard GauBl—Hermite quadrature can be used. However, the coefficients of
the polynomial, see Eq. (41), are complex. Hence, using the standard
Gaul—Hermite nodes ¢, and weights w,, the integral is computed as

Je= Zwuf(tn)

or equivalently with the transformed quadrature nodes x, =1,/ VE+Q,

_]x - ®an(xn - Ax)i(xn - Bx)J
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8.1 Faster evaluation of the integrals for the transition
moments

The central problem, from a numerical perspective, with the exact operator
in comparison to the multipole expansion is the need for a new set of inte-
grals for every transition since every transition has a different resonance fre-
quency and therefore also different k-vectors. For systems where only few
transitions need to be calculated, this is not a problem, but, for example, in
X-ray spectroscopy of transition metal complexes many hundreds or more
transitions are involved and thus, calculating a new set of integrals for every
transition quickly becomes cumbersome. It is therefore of interest to
approximate the integrals in a way such that there is no need to recalculate
them for every transition.

Since we are usually only interested in transitions within a reasonably
narrow energy window in comparison to the energy of the incoming light,
it is interesting to look at the change of the value of the integral for ener-
getically close transitions:

AT =TT (k") — I (k)

o0
- / 25 Ac) [ exp (£ikr) — exp (£ik00)] 437 (7.0 B) de

o0

[So]
:/ Xi(T, 0, Ar) exp (ikit) [1 — exp (Eiki7)] dgx;(t,au,B;) dr,

o)

(44)

where K = k&’ — k°. Assuming k* ~ k” then & will be small and performing
multipole expansions for & and k* in Eq. (44) we find the first-order differ-
ence to be

[So]
/ +y,(z, aﬂ’Ar)ik;Téer(T’ Ay, Br) dr. (45)
—
The first-order difference is therefore seen to be of first order in the transi-
tion moments for the multipole expansion and multiplied by a small number
k. For the isotropically averaged oscillator strengths the difference is of
second-order (k)*. The result in Eq. (45) is, however, not so surprising since
the k-vector first appears at the first order in the transition moments for the
multipole expansion and the difference between two integrals with different
k-vectors naturally must be there.

This suggests various level of approximation. The simplest idea, valid
especially for intense dipole-allowed transition, is to simply neglect this
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difference by grouping all transitions within a small relative energy interval
and using the same integral for all those transitions. As a first-order correc-
tion, the linearity in k¥ in Eq. (45) can be used by computing the integrals for
the first and last transition of the energy interval and perform a linear inter-
polation to estimate their value for all transition energies within that interval.

It is important to note that while this approximation is motivated by a
multipole expansion, it is significantly more accurate than the conventional
multipole expansion, as long as the energy interval, and thus k', is kept small.
This provides the user with simple and powerful error control.

9. Connection with experiments

Absorption spectra are measured as the absorbance (A4) versus the fre-
quency (v) of the electromagnetic radiation.” The absorbance is defined as
the decimal logarithm of the ratio of the incident intensity (Iy) and the trans-
mitted intensity (I), and within a range, it is linear with respect to the molar
concentration (C) and path length (), the proportionality constant being the
molar extinction coefficient (¢; not to be confused with &, the vacuum
permittivity):

Alv) = logmM =e(v)Cl

I(v)

The experimental cross section for a particular absorption band can be
obtained by integrating the area in a € vs v representation:

In10
e /8(v)dv

Na

from which the oscillator strength is obtained dividing by 6%, Eq. (5):

o’ 4mecey
fzglélas :W 11’110/5(1/) dv

The factor in front of the integral has the value of 1.441 x 10~ "® mol s m >
or 4319 x 10" mol em L™'/(c em™ ")

® Other quantities to identify the electromagnetic radiation are also possible, like wavelength (4), wave
number (V), angular frequency (@) or photon energy (E); appropriate conversion factors would then
need to be used in the following equations.
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The computed oscillator strength (Eq. 6) becomes, within the dipole
approximation and with isotropical averaging, in the velocity gauge
(Eq. 32):

2 2 m
P 2 VP =2 AE, ()
150 31’l/leAEOn|<p>| 3h2€2 ()ﬂ|<”()n>’
and in the length gauge:
. ZMCAEQn A2 2 Me ~ 2
v U e L ]
where (u) = —e(#) and (@) = — -9 (p) are the transition dipole moment

in length and velocity gauge, respectively.”

From these, a dipole strength (D), representing {(jt,,)” or (i}, )*, can be
defined as:

35 3
- fro =220 1010 / W) g,
2meAE()” 7Z'NA 14

where the approximation ﬁfedz/z ffdl/ has been used. The units of D

are therefore those of an electric-dipole moment squared. The factor in
front of the integral has the value of 1.022 C* mol or 9.186 x 10> D?/
(L mol ' em ™).

Circular dichroism is measured as a difference between absorbance of
left- and right-circularly polarized radiation. Similarly to the above, a differ-
ence oscillator strength can be obtained by integration of a differential spec-
tral band:

4m.cey
NA€2

Af = lnlO/As(v) dv
In this case, the dipole approximation does not help, since that would triv-
ially give Af= 0. The first terms to contribute in the multipole expansion are
the electric dipole—electric quadrupole and electric dipole—magnetic dipole,
which results, after isotropically averaging, in:

4 8m,

A‘n = »Y - A>(A =
150 3WlehC<p> <1f p> 3h2€2C

AEy, Im({@h,) - (i)

¢ InRef. [12] the authors used the symbol g’ for the imaginary quantity -3 p;, which does not have the
dimensions of an electric-dipole moment.
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for the velocity gauge, and for a mixed gauge:

4AEOn
hZ

AR (1) xp) =175 + AEy, Im((@,,) - (i)

h

The rotatory strength (R) is defined to represent Im((ﬂon> . <rh6”>), anal-
ogous to the dipole strength:

3¢ 3he A
R=_"0CC aAp =080, 10/ W) 4,
8im.AEo, 47N v

The units of R are those of an electric dipole times a magnetic dipole. The
factor in front of the integral has the value of 7.660 x 107>> m s A* mol
or 2.296 x 107> Fr cm erg G~ '/(L mol™' cm™"). The reduced rotatory
strength [R] is defined as:

100
R
HpHB

k)=

where up is a dipole of 1 D and py is the Bohr magneton; in other words, [R]
is the value of the rotatory strength in units of 107> D py = 1.967 x 107>
=9.274 x 10°* Fr cm erg G™'

Another commonly used measure of circular dichroism is the ellipticity.
Linearly polarized light can be represented by a superposition of left- and
right-circularly polarized waves with equal amplitudes. When linearly polar-
ized light incides on an optically active medium, the left- and right-circularly
polarized components are absorbed difterently, as indicated by Ae(v), and
the two components in the transmitted light do not have equal amplitude:
it is elliptically polarized. The ellipticity angle (@) is defined from the major
and minor axes of the resulting ellipse, 1.e.:

where Af} and Af are the magnitudes of the electric field vectors for the
right- and left-circularly polarized components, @ is zero for linearly polar-
ized light (A = Af) and § = 45 degrees for circularly polarized light (A =0
or Ag =0). Note that although 0 is an angle, it has no information about the
rotation of the plane of polarization, which is associated with the phase
change of the left and right components, but only on the fact that linearly
polarized light becomes elliptically polarized. The difterence in absorption
is very small and @ can be approximated as tan@ (in radians). As with absor-
bance, the ellipticity of the transmitted light is proportional to the
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concentration and path length, so the molar ellipticity ([€]) is defined, and
can be directly related to Ae (in degrees):

~ 6 In10180
S ClT 4 &

[6] €

The factor has the value of 32.98 degrees. The units of € are usually L mol
cm™ ', while those of [f] are more commonly degree cm”® dmol ™!, which
accounts for an additional factor of 100 normally found in conversion
formulas.

10. Summary

In this chapter we have worked on the formalism for oscillator and
rotatory strengths computed as transition properties in an approach based
on explicitly expressed states.

The development of the formalism is based on the Jones vector approach
to describe polarized light (where circular and linear polarized light are just
two limits), and the use of the exact semiclassical operator describing the
electromagnetic field of the interacting photon. Subsequently, this chapter
discusses the origin, nature, and possible problems with different types of
gauges—the velocity vs length gauge. This was followed by the introduction
of the multipole expansion of the exponential expression for the electromag-
netic field, which subsequently is subjected to a truncation. This chapter dis-
cusses the so-called selection rules, here both in the terminology of the
conventional truncated multipole approach and also in terms of the exact
operator along with the physical interpretation of the transitions. This chap-
ter proceeds to derive the isotropic values for the oscillator and rotatory
strengths. Furthermore, it is in some detail described how the integrals of
the exact operator can be evaluated analytically in the GauB—Hermite
scheme. This was followed by a brief discussion of how the exact-operator
approach can be substantially speeded up in the case of X-ray spectroscopy.
Finally, the association between the experimentally observed quantities and
the theory was presented.
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